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Calculation of Blackbody Radiance
What is a Blackbody?

A blackbodyis a hypothetial object that absorbs all incident electromagnetic
radiation while maintaining thermal equilibrium. No light is reflected from or passes
through a blackbody, but radiation is emitted, and is cali@ckbody radiation The
prefix black is used becauaeroom temperature such an object would emit almost no
visible light, appearing black to an observer.

No physical object exactly fits this definition, but most behave at least in part as
blackbodies. Calculation of the radiometric quantities assoasatedlackbody
radiation is extremely important in physics, chemistry, optics, engineering, astronomy
and many other areas.

History of blackbody theory

In 1900, Max Planck developed the modern theory describing the radiation field of a
blackbody. At tle time, there were two distinct models for blackbody radiation: the
RayleighJeans law, which fit the measurements well at low frequencies, and WienOs law,
which worked well at high frequencies, but neither worked everywhere. Planck, by
making the ingenios assumption that the energy of the modes of the electromagnetic
field must be quantized, developed the theory that fits observations at all parts of the
spectrum. This leap marked the birth of quantum mechanics and modern physics.

Radiometric systems of units

There are many choices of units when dealing with radiometric quantitiesaeind
discipline has its preferred units. Spectroscopists traditionally prefer wavenumber,
infrared engineers use wavelength, and physicists typically deal with frgquenc
Thermal calculations generally involve radiated/received power, but many systems,
including the human eye, operate as efficient quantum detectors, and photon flux is the
appropriate measurd&.he choice of units is not trivial, as the functional fodfiféer. For
example, the power emitted per unit area of a blackbody at tempéFasypeoportional
to T* but the photon flux is proportional 16,

References containing the basic formulas abound, but it is difficult to find any single
source withformulas given in each system of units. Here we collect a comprehensive set
of radiometric formulas in all the common units. We consider spectral units of frequency
(Hz), wavelengthi(m) and wavenumber (c). For each, we derive the basic blackbody
formulas in terms of both power (W) and photon flux. Beginning with the Planck
blackbody function in units of W sr' Hz"!, all other functions are derivedie also
derive useful formulas for computing integrated band radiance, and present sample C++
computer codes in Appendix A. Appendix B describes the Doppler effect on the
observed blackbody radiation spectrum of moving sources. Finally, all significant
formulae are summarized in Appendix C for quick reference.
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The Planck Blackbody Formula in Units of Frequency

It can be showhthat the power emitted per unit projected area of a blackbody at
temperaturd, into a unit solid angle, in frequency intervato v +dv, is

— 2h,3 1 "2 "1 "1
L! —?W Wm* s " Hz (1)

where his PlanckOs constant (6.6260698* W s’),
cis the speed of light (2.99792488° ms') and
k is BoltzmannOs constaht3g065&10> J K) .

This is thePlanck blackbody formulén one of many forms). The quantityis referred

to as thespectral radiance The frequency of the maximum spectral radiance is found by
setting the derivative with respectiequal to zero:

di, etz 1, 2n@(h/kT)er

0= L= ’
d, C2 ehAT " l CZ (eh!/kT n 1)2
/ h! /KT
o=+ L €
KT e/ 1

This gives the transcendahequation 3(De™) =x, wherex =hv/kT. Evaluating this
numerically yieldx =as! 2.82143937212, so

k
I =507 Hz . )

peak h

(We use the subscript 3 to refer to the coefficient in the transcendental equation, other
versions of which we will encounter). Substituting this in (1) gives

_2n(akT/n)

L, e = 2 h(a,kT /h)
e k"1
#2200 1 & vy g e
L, :%——— T° wm?g'Hz? 3
1, peak 0h2C2 ea3 " 1( ( )

Many devices and systems respond in proportion to the number of incident photons,
and it is useful to express radiometric quantities in terms of photons per second rather
than watts. Dividing the spectral radiancgEq. 1) by tle energy of a photoh/, gives
the spectral photon radiance

! c.f. ORadiometry andetDetection of Optical Radiation,O by Robert W. Boyd, Wiley and Sons, 1983
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P2t 1

y —?W phODn Sﬂl m"2 gnl HZHl . (4)

The peak of.,” occurs when
a4 1, 22 (wkT)e™

0=—L=— -
d’ C2 eAT " 1 C2 (eh!/kT n 1)2
n h”/kT
0=2! h—e—
KT /11

This gives the transcendental equatiohf2é™) = x, wherex = hv/kT, with solution
x=ay! 1.59362426004. The peak spectral photon radiance thus occurs at frequency

peak

s :aZTkT Hz . (5)

Note that the peak a&f,” occurs at a lower frequency thian The peak value df ” is
found by substituting (5) int4):

_2(akT/n) 1

LP =
v, peak c? h(a,kT /h)
e KT 11
2 2k2 ] 1 ] ]
P %% ! T? phoons'm'? g't Hz'* (6)

v,peak_ h2C2 eaz! 1

BothL, andL,” are shown irFig 1, for several temperatures.
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Units of Wavelength

For many applications, particularly when dealing in the infrared region of the spectrum,
the peferred spectral unit is wavelengthuim, A = 10°c/v. We can deduce the spectral
radiance penm, L,, from (1) by noting that

dll
dr
With this, and substituting = 10° ¢/ into (1), the spectral radiance pen is:

:1@0

I2

L, |d!|=L.|d"] L, =|—|L. L.

[ _2"10%he¢ 1

#2 #1 #1
! G e106h“/-’kT#1 Wm™ g™ um (7)

To find the wavelength of the peak, we set the derivative to zero:

_dL, _"10%he¢ 1 2#10%h¢ (106hd! 2kT)em"’hf/-'kT
= d! - !6 elOBhd!kT n 1 !5 (eloehc/!kT . 1)2

10°he e106hc/./ KT

0=5 I KT e106hd!kT "

Letting x = 10Phd/AKT, we arrive at the transcendental equatidnE%™) = x, whose
numerical solutionx=as! 4.96511423174orovides

;= 10°he
" peak aSkT

The peak value, found by substituting (8) into (7), is

(8)

2" 10°*hc? 1
! peak #10° hC&5 1P h% mg‘w
$ akT
%o ( © )1
$a,
— 2a55k5 1 T5
ek T 1P 6 1

L

wWm?g*tum™ 9)

As we did above with spectral units of Hz, we can derive these radiometric quantities
in terms of motons per second. Dividing (7) by the energy of a phd@hd, gives
the spectral photon radiance,

po2010% 1

! R T photons' m” sr’' um™ . (20)
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The wavelength where this peaks is found by differentiating:

oo 4L _"8#10% 1 24#10°% (10Phe/1%kT) /"
= - = +
dl !5 elOth/!kT " 1 !4 (eloahc/!kT n 1)2
108 he/ " kT
0=1y Whe e ,, d x=10hc/"kT
4" kT elOE’hc/ K q
411 &)= x
x =a, #3.92069039487
P 10°hc (11)
Pk a KT
4
The peak spectral photon radiance is
P - 2"10% 1
S (10hd/akT)’ [
4 e(lOBhC/aAkT)kT %1
2a,k* 1 il ey ey
Poo=—2 *  phoons'm? gt um™, 12
!, peak 108 h*c® g% "1 P H ( )

L. andL.” are shown irFig 2. Note that as with units of Hz, the spectral radiance and

spectral phain radiance have different behaviors, and distinctly different temperature
dependences.
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Units of Wavenumbers

Yet a third spectral unit, commonly used in spectroscopy, is wavenumber, the number
of waves per cms = v/100c cm™. Converting (1) to these units gives

‘— L. = lOCb L.
L, =2" 10°hc’! 3—10%; wWm* g (cm™)*™ (13)
‘ e M#l

Again, the peak is where the derivative with respect to wavenumber vanishes:

dL 100hc/KT ) gHoone' /7
0=95 _gv 1oLy 1 20NN
dl elOOhC. /kT #1 (elOOhC.’ /kT #1)2
/ 00hc! /KT /
O=3#10(]1c: ell " leomc
kT elOOhC. /KT #1 kT
3(1# e’”) =
X=a, $2.82143937212
o)
_akr "1
/ an - . 14
Pk~ 100hc (14)
Thepeak value is
3
# a kT &
L, =27 10hC g 1
e fiomc 100hc%la3if‘ /kT
e 00hc ) 1
2002 %k? v o\
L = Q} 1 T3 szsrl(cml)l. (15)
P h‘c e%"1

The spectral photon radiance is found by dividigdpy the energy of a photon, 1t :

1
P _ ! —Amn 6 #1 #2 #1 #1\#1
L, = Toond =2"10°c —el O K g7 photon s™ m™ st (cm™)". (16)

We next find the wavenumber at the peak of the spectral photon radiance:
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0=

100hc!
0=2% T
2(1#e‘“): X

and

=4" 10!

1

elOOh(;’ /KT #1

00hc! /KT

00hc! /KT #1
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100hc/KT | goone /kt
#2"10°c! ,{100n/kT) 5
(eloohcl /T g 1)
100hc!
let X=——
kT

The peak spectral photon radiance is

=2"10°c

1, peak

=200

1, peak

x=a, $1.59362426004

k _

@ ook = 1?)20th | &0
#akT &
Foonc( ~ zoondfai/zoomd
e kT )1
2k2 . B N -
azhz 83—1 photons™* m™? sr'* (em™)"'. (18)
ced"

Fig 3 shows plots df, andL,” for various temperatures. Note again the important
difference between the spectral radiance and spectral photon radiance.
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Fig 3N Spectral radiancd,,, (top)
and the spectral photaadiancel_,”,
(botton) as a function of
wavenumber#, for various
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Radiance: Integrating the Planck Equation

Above we considered three different spectral units: frequendjz), wavelength,
(um) and wavenumbeg, (cnf™). We derived expressions for the spectral radiahges
L., andL,. To find the radiancé, (W m® sf), we can integrate any of these otre
respective spectral variable. That is,

" n n

L= #l,dl = L, d$= #,d%

10 10 10

We will perform the integration df, over all frequencies;:

"o 1
-- $c gh/dmn g™
3 ) /0/3 /
KT wr_1 Box=o dy=ldr
h?c? OﬁkT& &M (1 KT KT

k4T4 " k4T4 " e!x _ " .
2h32#—xll = h327,{-,'_-—dx nodathat1I elx—$e

KT & ¢
=2 D | x*™dx  itegrate by pats...

3.2
hC n=1 o

414 44 4T 4 4

hc? “n* ~ nc? h’c? 15
— 21 4k4 4 "2 "1
_15h3C2T Wmes -~ . (29)

(Hereweused the resun® = ¢ (4) = nt %/90, wher€ is the Reimann zeta function)

The total radiated power per unit area, called#dcgant emittanceor radiant exitance

M, can be found by further integratimgth respect to solid angle over the hemisphere
into which the surface radiates. A source whose radiance is independent of angle is
calledLambertian(from LambertOs cosine law of reflection). This is implicitly assumed
for an ideal blackbody, and isgaod approximation for many real sources. For a
Lambertian sourceM is related td_ by

2" 2

M = #d! #Lcos$ sin$d$ = 2"L#<dx—

0 0

51,4
ZEZ’TK ]ﬂ wm? (20)

SO

15h°c?
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This is the StefaiBoltzmann law, and the quantity in parentheses is the Stefan
Boltzmann consta. A common mistake in deriving this result is to assume the factor is
2rn rather thamr, because there are &teradians in the hemisphere, but this neglects the

co9d reduction from LambertOs cosine law.

Similarly, the total photon radiance is founglibtegratingL " over all frequencies:
b 2217 1
s I
KT2 )" % 1 h h
=25 *g =y e & X= -
hec?  BKT& /7 (1 KT KT
SRS kﬁ*" € & inx
_2h32#71 #—dx noe that - e”_$e

k%3" i :
= $ #xPe ™dx htegrate by pats...

3.2
h n=1 o

KT
$ =

h32n1n

LP=— T® phoons'm? g™ (21)

Recall{ is the Riemann zeta functiod(3) ! 1.202056903159594 is also known as
ApZryOs constant. Integrating over the hemisphere (again assuming a Lambertian
source) gives

4rn(3)k®
MP = %ﬁ phobn s* m™ (22)
c

This isthe Stefan Boltzmann law for photon radiant emittance. Notice that the tota
photon flux is proportional t& *, whereas the total power, given by (5), is proportional
toT*
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In-band Radiance: Integrating the Planck Equation Over a Finite Range

Above we analytically integrated the spectral radiance over the entire speajrl ra
The result, Eq. (20), is the wddhown StefarBoltzmann law. Similarly, Eq. (22) gives
the integrated photon radiance. As useful as the SBRd#immann law is, for many
applications a finite spectral range is needed. To facilitate this, we cothpuiresided
integral of the spectral radiance. We follow the method described by Widger and
Woodalf, using units of wavenumber. Note that using other spectral units produces the
same result, because it represents the same physical quantity.

B(/ )= %L! d! = ;éz%loghczl 'ﬁmd/ "
B(/ )= &2" 10°hc? ﬁmd'# btx#—loil}c # d#—liﬁmd!#
5(x)= 'X"Z! 10°h Cz%lokoThcfe::() 1 1okoThch( where szi:q
8(x) =25 5%
Noting thati ze , We get B(x) k4T4 (?/0%('% ™ax! .
n=1 n=1x

The remaining integral can be integrated by parts

. % .
$x!3e ox! = . X 3L+Q+E£e i

&n n n* nf
This gives

QKT 7 %¢ B¢ bx 6 .
h“;l&n n> n® n'
100hc”

W m+2 g.+l

#
gL, d"1=2

(23)
Weae x=

Testing shows that carrying the summation up fomin(2+20k, 512) provides
convergence to at least 10 digits.

2widger, W. K. and Woodall, M. P., Integration of the Planck blackbody radiation function, Bulletin of the
Am. Meteorological Society, 57, 10, 121219, Oct. 1976
% CRC Handbook bChemisry and Physics, 8@dition #521

10
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Any finite range can be computed using two-siged integrals:
gL d"1=8(")s8(",)

Further, the complimentary integral is easily evaluated using (19):

$

4 1,4
Ld"l— Ld"|°/ Ld"I 2& K
#

15 hc

T %B(")

A similar formula can be derived for theliand photon radiance:
#

#
P — P | | J— ||2 1 n | | [ lomc ! ll 10010 n
# 1 %2 "3 /
B”(x) = §2%l0c KT X KT dx" whee x= 100ne
d 2100hc+ e &1100hc KT

KTE & x2

h32$

K33 # # .
Again usmg —$ e™, we get B(x):z -5 Yo $x!%e ™dx!.
C n=1
%(2 2X 2(
Integrating by parts $x!’e ™dx! = —+—+— S0
grating by p $>< on 1 n)
# 3 # 0/ 2
$Lodmt= Zk}r S22 2( e™  phobn st m? g™ (24)

h’c® .,&n n* n’ )

Equations (23) and (24) provide efficient formulas for computirgaind radiance.
Example C++ computer source codgirievided in Appendix A.

11
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Appendix A: Algorithms for Computing In-band Radiance

Below are C++ functions for computing the integrated spectral radiance (&)
and integrated spectral photon radiance (phstan™ s™). The functions compute the
integral from the specified wavenumber to infinity for a blackbody at the input
temperature. Finite spectral regions can be cordguteising this function twicence
with each end point of the spectral region. The difference of the two gives the radiance

for the spectral region.

#include <math.h> // for “exp” function

double planck integral (double sigma,
//
//
//
//

integral of spectral radiance from sigma

result is W/m2/sr.

follows Widger and Woodall,

Society, Vol. 57, No. 10, pp. 1217

// constants
double
double
double
double

Planck =
Boltzmann =
Speed of light =
Speed of light sqgq =

6.6260693e-34 ;
1.380658e-23 ;
299792458.0 ;

//
double cl =
double x =
double x2
double x3

X * x 3
x *  x2 ;

// decide how many terms of sum are needed
double iterations = 2.0 + 20.0/x ;
iterations = (iterations<512)
int iter = int (iterations)

// add up terms of sum
double sum = 0
for (int n=1; n<iter; n++) {

double dn = 1.0/n ;
sum += exp (-n*x)* (x3 +
}

// return result, in units of W/m2/sr
double c2 =
return c2*pow (temperature/cl,4)*sum ;

double temperature) {

Bulletin of the American Meteorological

Speed_of light * Speed of light ;

compute powers of x, the dimensionless spectral coordinate
(Planck*Speed of light/Boltzmann)
cl * 100 * sigma / temperature ;

? iterations :

(3.0 * x2 + 6.0* (x+dn) *dn) *dn) *dn;

(2.0*Planck*Speed of light sq)

(cm-1) to infinity.

512 ;

12
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#include <math.h> // for “exp” function

// result is photons/s/m2/sr.

// Society, Vol. 57, No. 10, pp. 1217

// constants
double Planck = 6.6260693e-34 ;
double Boltzmann = 1.380658e-23 ;
double Speed of light = 299792458.0 ;

// compute powers of x, the dimensionless spectral coordinate

double cl = Planck*Speed of light/Boltzmann ;
double x = ¢l1*100*sigma/temperature ;
double x2 = x * x ;

// decide how many terms of sum are needed
double iterations = 2.0 + 20.0/x ;
iterations = (iterations<512) ? iterations : 512 ;
int iter = int (iterations) ;

// add up terms of sum
double sum = 0 ;
for (int n=1; n<iter; n++) {
double dn = 1.0/n ;
sum += exp(-n*x) * (x2 + 2.0*(x + dn)*dn)*dn ;

}
// return result, in units of photons/s/m2/sr

double c2 = 2.0* pow(kTohc,3) *Speed_of_ light ;
return c2 *sum ;

double planck photon integral (double sigma, double temperature) {
// integral of spectral photon radiance from sigma (cm-1) to infinity.

// follows Widger and Woodall, Bulletin of the American Meteorological

double kTohc = Boltzmann*temperature/(Planck*Speed of light) ;

13
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Appendix B: The Doppler Effect

The observed frequensyfof light emitted from a source moving with velocityas
depicted in Fig. B1 is given By

"y
=[x ﬁcos$§ , (B1)

Ji#u?/* & ¢

wherev is the frequency of the light in the rest frame of the sourcec anthespeed of
light, 299,792km/s.

observer source

Fig BIN Geometry of a moving source. If the source is receding, the measured frequency
decreased (Ored shiftedO), compared to the frequency in the rest frame of the source. If tl
is approaching, the measured frequency will be increased (Oblue shiftedO). Eq. B1 gives
relationship between the frequencies in the two reference frames.

If the velocity is purely radial, then Eq. B1 reduces to

= [SHU g (82)
c+u

wherep? = (c-u)/(c+u). Note that in Eq. B2 we have adopted the conventioruthdl

indicates a receding source. For our application, we assume the velocity is purely radial

(6= 0° or 180) and use Eq. 2.The magnitude of the Doppler effect for soiyeical
situations is given in Table B1.

Table Bl—Examples of Doppler shifts for 1000 cm™ (10 pm) light

recession

source velocity (km/s) shift (cm™)
geostationary satellite 3 0.01
low Earth orbit satellite 7 0.02
orbital speed of Earth 30 0.1
typical star 300 1
most distant galaxy 75,000 225

*J. D. JacksorGlassical Electrodynamic€™ ed., pp 522
® The tangential effect is small in most realistic cases anyway. For example, 160§htrg10um) from
a source moving at 100 km/s perpendiculah®line of sight is shifted only 580° cm™.

14
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Eq. B2 gives the Lorentz transformation for a monochromatic frequentefpwever, for

a continuous spectrum, we cannot simply scale all frequehdiés.must also apply the
Lorentz transformation tthe (necessarily finite) aperture collecting the radiation. An
aperture subtending solid angkein the rest frame of the source will appear to have solid
angle

n $C+u — *H#2n

Serul - (B3)

when receding with velocity. Suppose now that the soa has a redtame radiance of
LP(v). An aperture of siz& in its rest frame will receive a photon flux of

N(v) = QLP(v)

If the aperture is receding with velocitythe photon flux received from the receding
source will be

NI(7) = s ()

If the source is a blackbody at temperaflird Eq. 4),we have

2
2h("/#
ey = s 201
(o e %l

”2
=$!222 1

&) o

If we interpret this radiation as coming from a stationary blackbody, that is,
L'(v) = N'(v)/Q', then the effective temperature is

TI=T,)— , B4
P (B4)

Thus the spectrum of a receding blackbodyeapp identical to a cooler, stationary
blackbody.

®T. P. Gill, OThe Doppler EffectO, Logos Press, Inc., 1965

15
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Appendix C: Summary of Formulas

In the following formulasy is in Hz,A in um, ¢ in cnt™, andT in K. The rest of the
constants are given below.

2h 3 1 vy .
L, :—ZW/T"]_ Wm 2 g ! Hz !
: 2 &
k 2a’k’
P =50 M L
pea h v, peak h2C2 ea3 _ 1
P 2, 2 1 ~1 "2 "1 "1
L, :_Z“’/T"l phobns m“ g " Hz
1T T2 &

ak
1" =—2T Hz
pea h

LP — 2822k2 1

2 11 12 11 11
v,peak h2C2 eaZI 1T phODnS m- g Hz

L _2"10%he¢ 1

W m#Z S.#l um#l

! 15 e106hr/!kT #1
2a.°k® vo .
! k:105hc , k:_a5 L s wm?g*tum™
peal aSkT 1, peal 106 h4C3 eas " 1

po2"10% 1

phoon s' m? g um™

! 14 e105hc/.r KT 4 q
10°hc 2a,k* 1 il ey i
1P = Poo=—2 T* phoons'm? g um™
peak a4kT !, peak 106 h4C3 ea4 " 1 p I'l
L, =2" 10°hc¥ 3+ Wm* g (cm*)*
‘ e MH#1
ak 1 _2008k* 1 _, "2 o'l AN
co_. = T an L = T Wm* g~ (cm
Pek100hc Peel e et ( )
Ly =2" 10°c! Ze“’OT"T#l phoon §* m*” g™ (cm™)™
k . 200a°k? i ey o
! e = 251 an L ek = 0?2 1 T? phoons'm? g™ (cm™h)™
100hc h‘c e%"1

16
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I4 4 .
125h3k2T wm?s't
c
15 4
M=2 K 1o W
15h°c?
41 (3)k®
L” = h(3c)2 T® phoons'm? &
41" (3)k®
MP = h3( 2) T® phoon §' m*
c
K'T* # %¢ 3x* 6x 6( ,, P
§ d1=2 P en S S
-1 ")
3 # O/
$LP dn | = l;:;TZ , '8:)%"'%"' r?( +NX thDI’]SSﬂ m+2 S.+l
-1 ’)
hee x= 100hc”
KT
TI=T % ( is relative velocity of source,> 0 indicating recession)
h=6.6260693 10> Ws  Ranck@ congant
c=2.99792458 1 m/s  pexd oflight
k=1.380658 10% J/K Botzmann® congdant
#(3) =1.202056903159594 AZy@ condant, Riemann Zeta fundion
a, =1.59362426004 aufono 1" €*)" x=0
a, = 2.82143937212 aufiono 1" €*)" x=0
a, = 3.92069039487 aufiono 41" €*)" x=0
a, = 4.96511423174 aufonp 1" e*)" x=0
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